Abstract. Using ideas from an article of P. Bieliavsky, M. Rooman and Ph. Spindel on BTZ black holes, I construct a family of interesting examples of quasi-Poisson actions as defined by A. Alekseev and Y. Kosmann-Schwarzbach. As an application, I obtain a genuine Poisson structure on SL(2, R) which induces a Poisson structure on a BTZ black hole.
Introduction
In [4] , P. Bieliavsky, M. Rooman and Ph. Spindel construct a Poisson structure on massive non-rotating BTZ black holes; in [3] , P. Bieliavsky, S. Detournay, Ph. Spindel and M. Rooman construct a star product on the same black hole. The direction of this deformation is a Poisson bivector field which has the same symplectic leaves as the Poisson bivector field of [4] : roughly speaking, they correspond to orbits under a certain twisted action by conjugation.
In the present paper, I wish to show how techniques used in [4] in conjunction with techniques of the theory of quasi-Poisson manifolds (see [1] and [2] ) can be used to construct an interesting family of manifolds with a quasi-Poisson action and how a particular case of this family leads to a genuine Poisson structure on a massive non-rotating BTZ black hole with similar symplectic leaves as in [4] and [3] .
Main results
I will not recall here the basic definitions in the theory of quasi-Poisson manifolds and quasi-Poisson actions. The reader will find these definitions in A. Alekseev and Y. KosmannSchwarzbach [1] , and in A. Alekseev, Y. Kosmann-Schwarzbach and E. Meinrenken [2] .
Let G be a connected Lie group of dimension n and g its Lie algebra, on which G acts by the adjoint action Ad. Assume we are given an Ad-invariant non-degenerate bilinear form K on g. For example, if G is semi-simple, then K could be the Killing form. In the following, I will denote by K again the linear isomorphism
Let D = G× G and d = g⊕ g its Lie algebra. Define an Ad-invariant non-degenerate bilinear form , of signature (n, n) by
Assume there is an involution σ on G which induces an orthogonal involutive morphism, again denoted by σ, on g.
Then both S and S σ are isomorphic to G. The isomorphism between S and G is induced by the map
, whereas the isomorphism between S σ and G is induced by
I will use these two isomorphisms to identify S and G, and S σ and G. Denote again by 
and vice-versa. This isomorphism can be used to deduce some of the results given at the beginning of the present article from the results of Alekseev and Kosmann-Schwarzbach [1] ; but it takes just as long to redo the computations, and that is what I do here.
According to [1] , the bivector field P D , respectively P σ D , is projectable onto S, respectively S σ . Let P S and P σ S σ be their respective projections. Using the identifications between S and G, and S σ and G, one can check that P S and P σ S σ are the same bivector fields on G. What is more interesting, and what I will prove, is the following Theorem.
Theorem 2.1. The bivector field P σ D is projectable onto S. Let P σ S be its projection. Identify S with G and trivialise their tangent space using right translations, then for s in S and ξ in g * ≃ T * s S there is the following explicit formula
Moreover, the action G In the setting of the above Theorem, the bivector field P σ S is G σ invariant; hence if F is a subgroup of G σ and I is an F -invariant open subset of S such that the action of F on I is principal then F \I is a smooth manifold and P σ S descends to a bivector field on it. An application of this remark is the following Theorem.
be an open subset of S. Let F be the following subgroup of G
The quotient F \I (together with an appropriate metric) is a model of massive non-rotating BTZ black hole (see [4] ). The bivector field it inherits following the above remark, is Poisson. Its symplectic leaves consist of the projection to F \I of the orbits of the action of G σ on S except along the projection of the orbit of the identity. Along this orbit, the bivector field vanishes and each point forms a symplectic leaf.
In the coordinates (46) of [4] (or (3) of the present article), the Poisson bivector field is
The above Poisson bivector field should be compared with the one defined in [4] and given by 1
The symplectic leaves of this Poisson structure are the images under the projection I −→ F\I of the action of G σ + on S.
Let the computations begin
Throughout the present article, I will use the notations introduced in the previous Section. To begin with, I will prove that (D,
In this article, I express results using mostly the decomposition d = g ⊕ g. Using it, we have
forms a quasi-triple in the sense of [1] . The characteristic elements of this quasi-triple as defined in [1] and hereby denoted by j, F σ , ϕ σ and the r-matrix r
, and finally the r-matrix
Proof. It is straightforward to prove that d = g 
The map j is actually characterised by this last property. The equality
vanishes. I will now compute ϕ σ . It is defined as
Finally, the r-matrix is defined as 
Proof. Fix d = (a, b) in D. I choose to trivialise the tangent bundle, and its dual, of D by using right translations. See (r
The above description of P σ D can be simplified:
It follows from [1] 
Actually, the following is also true Trivialise the tangent space to G, and hence to S, by right translations. If s is in S, then using the above identification, P σ S at the point s is
The bivector P σ D is projectable onto S if and only if for all (a, b) in D and ξ in g * , the expression
depends only on s = ab −1 . It will then be equal to P σ S (s)(ξ). This expression is equal to
This both proves that P σ D is projectable on S and gives a formula for the projected bivector.
To prove that there exists a quasi-Poisson action of
where
Proof. Let (a, b) in D be such that s = ab −1 . Let p be as in the proof of Proposition 3.3.
Now, it is tedious but straightforward and very similar to the above computations to check that
The group D acts on S = D/G + by multiplication on the left. This action restricts to an action of G σ + on S. Identifying G and G
The infinitesimal action of g at the point s in S reads
Denote by (ϕ σ ) S the induced trivector field on S. If ξ, η and ν are in g * then
Computing the right hand side in the above equality is a simple calculation which proves the following Lemma. 
In particular, it is included in the tangent space to the orbit through s of the action of G σ .
Proof. The image of P Lemma 3.7 and a simple computation prove that along the orbit of the identity, the bivector field P σ S vanishes; and that elsewhere, its image coincides with the tangent space to the orbits of the above action. Recall that in [4] , the domain I is given by z(τ, θ, ρ) = sinh( 
This formula also defines coordinates on I. Using Formula (2) of Proposition 3.3 and a computer, it is easy to check that P σ S if indeed given by Formula (1). This ends the proof of Theorem 2.2. Nevertheless, in the example of Theorem 2.2, the two structures are indeed different since for example the action of SL(2, R) on itself by conjugation has two fixed points whereas the action of SL(2, R) on itself used in Theorem 2.2 does not have any fixed point.
